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a b s t r a c t
Let k ⊂ K be fields, let k0 be the maximal separable extension of k in K , and let x1, . . . , xn
be analytically independent indeterminates over K , where n ≥ 1. If K has finite expo-
nent over k0 and [k0 : k] < ∞, then K [[x1, . . . , xn]] is integral over k[[x1, . . . , xn]], but if
K has infinite exponent over k0 or [k0 : k] = ∞, then the generic fibre of the extension
k[[x1, . . . , xn]] ↪→ K [[x1, . . . , xn]] is (n−1)-dimensional. As an application, it is shown that,
for an m-dimensional SFT pseudo-valuation domain R with residue field k and the associ-
ated valuation domain V with residue field K , dim R[[x1, . . . , xn]] = mn + 1 if K has finite
exponent over k0 and [k0 : k] < ∞ but equals mn + n otherwise. More generally, it is
also shown that, if R is an m-dimensional SFT globalized pseudo-valuation domain, then
dim R[[x1, . . . , xn]] = mn+ 1 ormn+ n.
© 2009 Elsevier B.V. All rights reserved.
1. Introduction
Let R be a commutative ring with identity and let dim R denote the Krull dimension of R. Seidenberg investigated dimen-
sion theory for polynomial rings and showed that, if dim R = m, thenm+ 1 ≤ dim R[x] ≤ 2m+ 1. However, power series
rings behave quite oddly. Arnold showed that dim R[[x]] could be infinite even though R has finite dimension. Specifically,
he introduced the concept of an SFT-ring and proved that, if R is not an SFT-ring, then dim R[[x]] = ∞ [1, Theorem 1].
The SFT property is a near-Noetherian property that is essential in the development of dimension theory for power series
rings. An ideal I of R is called an SFT-ideal if there exist a positive integer k and a finitely generated ideal J such that J ⊆ I
and ak ∈ J for each a ∈ I . The ring R is called an SFT-ring if each (prime) ideal of R is an SFT-ideal.
It is easy to see that a valuation domain V is an SFT-ring if and only if each nonzero prime ideal of V is not idempotent,
and a valuation domain with finite Krull dimension is an SFT-ring if and only if it is discrete.
In [2], Arnold proved that, if V is an m-dimensional SFT valuation domain, then dim V [[x1, . . . , xn]] = mn + 1. Later,
Arnold’s result was generalized in [3, Theorem 3.6] to the statement: If D is an m-dimensional SFT Prüfer domain, then
dimD[[x1, . . . , xn]] = mn+ 1.
Many valuation rings V appearing in the literature are of the form K +M , where K is a field andM is themaximal ideal of
V . For subrings D of K , the subrings D+M of V arise frequently, especially in connection with the construction of examples
(see, for instance, [4]). The structure of the ring D+M reflects properties of the valuation ring V and properties of K as a ring
extension of D. In particular, if D is a subfield k of K , then the subring k+M of V shares many properties with the valuation
ring V .
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Hedstrom and Houston generalized such ideas and introduced the concept of a pseudo-valuation domain [5]. An integral
domain R is called a pseudo-valuation domain (or, for short, PVD) if there exists a valuation overring V of R such that
Spec(R) = Spec(V ). In this case, V is called the associated valuation domain of R and it is uniquely determined as (M : M),
where M is the maximal ideal of R. If R 6= V , then V = (R : M), and R may be recovered from its residue field and V by a
pullback construction.
Subsequently, Dobbs and Fontana introduced two global counterparts of the concept of a PVD [6]. One is the concept of a
locally pseudo-valuation domain and the other is that of a globalized pseudo-valuation domain. Themore interesting global
counterpart is the second one. An integral domain R is called a globalized pseudo-valuation domain (or, for short, GPVD) if
there exists a Prüfer overring T satisfying the following two conditions: (1) R ⊆ T is a unibranched extension; (2) there
exists a nonzero radical ideal A common to T and R such that each prime ideal of T (respectively, R) that contains A is a
maximal ideal of T (respectively, R). In this case, T is uniquely determined and called the associated Prüfer domain of R. It is
shown in [6, Theorem 3.1] that the contraction map Spec(T )→ Spec(R) is a homeomorphism. For each maximal idealM of
R, let N be the maximal ideal of T contracting toM . Then RM is a PVD with the associated valuation domain TN .
Hence PVDs and GPVDs are closely related to valuation domains and Prüfer domains. Accordingly, it is natural to ask if
dim R[[x1, . . . , xn]] = mn+ 1 when R is anm-dimensional SFT (globalized) pseudo-valuation domain.
In [7, Theorem 2.6], Girolami proved that it is true for the case n = 1, i.e., if R is an m-dimensional SFT GPVD, then
dim R[[x]] = m+ 1.
In this paper, we show that the equality dim R[[x1, . . . , xn]] = mn + 1 does not hold in general for the case n > 1.
Specifically, we prove that, if R is an m-dimensional SFT GPVD with associated Prüfer domain T , then dim R[[x1, . . . , xn]] =
mn+ 1 ormn+ n, depending on the relations between the residue fields of R and of T . The details are as follows.
Let k ⊂ K be fields, let k0 be the maximal separable extension of k in K , and let p denote the characteristic of k if k has
nonzero characteristic but set p := 1 if k has characteristic zero. We say that K has finite exponent over k0 if K pn ⊆ k0 for
some nonnegative integer n.
We show first that, if K has finite exponent over k0 and [k0 : k] <∞, then K [[x1, . . . , xn]] is integral over k[[x1, . . . , xn]];
otherwise, the generic fibre of the extension k[[x1, . . . , xn]] ↪→ K [[x1, . . . , xn]] is (n− 1)-dimensional (Theorem 2.2).
As an application, we show that, for anm-dimensional SFT PVD Rwith residue field k and the associated valuation domain
V with residue field K , if K has finite exponent over k0 and [k0 : k] < ∞, then dim R[[x1, . . . , xn]] = mn + 1; otherwise,
dim R[[x1, . . . , xn]] = mn+ n (Theorem 2.4).
More generally, let R be an m-dimensional SFT GPVD with the associated Prüfer domain T and let I = (R : T ). For each
maximal ideal M of R, let NM be the maximal ideal of T contracting to M , set kM := R/M and KM := T/NM , and let k0,M
denote the maximal separable extension of kM in KM . It is shown that, if for each maximal ideal M of R with htM = m
and M ⊇ I , KM has finite exponent over k0,M and [k0,M : kM ] < ∞, then dim R[[x1, . . . , xn]] = mn + 1; otherwise,
dim R[[x1, . . . , xn]] = mn+ n (Theorem 2.7).
2. Results
Throughout the paper, Xn = {x1, . . . , xn} is a finite, nonempty set of analytically independent indeterminates over the
relevant coefficient rings R and we write R[[Xn]] rather than R[[x1, . . . , xn]].
If {xλ}λ∈Λ is an infinite set of indeterminates over R, there are three distinct rings of power series in the set {xλ}λ∈Λ over
R. These rings are denoted by R[[{xλ}λ∈Λ ]]i, i = 1, 2, 3. The third type of power series ring R[[{xλ}λ∈Λ ]]3 is the full power
series ring over R in the indeterminates {xλ}λ∈Λ. For the exact definition, see [8, Exercise 7, Section 1].
Lemma 2.1. Let k ⊂ K be fields and let k0 be the maximal separable extension of k in K . Then the following statements are
equivalent.
(1) K has finite exponent over k0 and [k0 : k] <∞.
(2) K [[Xn]] is integral over k[[Xn]].
(3) K [[Xn]] is algebraic over k[[Xn]].
(4) K [[Xn]] has finite transcendence degree over k[[Xn]].
(5) If R is an integral domain such that k[[Xn]] ⊂ R ⊆ K [[Xn]], then R 6∼= k[[Xn]][[{yi}∞i=1 ]]3 via a k[[Xn]]-isomorphism, where{yi}∞i=1 is a set of analytically independent indeterminates over k[[Xn]].
Proof. See [9, Corollary 4.2] and [10, Theorem 3.9]. 
Theorem 2.2. Let k ⊂ K be fields and let k0 be the maximal separable extension of k in K .
(1) If K has finite exponent over k0 and [k0 : k] <∞, then the generic fibre of the extension k[[Xn]] ↪→ K [[Xn]] is 0-dimensional.
(2) If K has infinite exponent over k0 or [k0 : k] = ∞, then the generic fibre of the extension k[[Xn]] ↪→ K [[Xn]] is (n − 1)-
dimensional.
Proof. (1) It follows directly from Lemma 2.1.
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(2) Assume that K has infinite exponent over k0 or that [k0 : k] = ∞. By Lemma 2.1, there exists an integral domain R such
that k[[x1]] ⊂ R ⊆ K [[x1]] and R ∼= k[[x1]][[{yi}∞i=1 ]]3 via a k[[x1]]-isomorphism. Thus we can choose elements f2, f3, . . . , fn
in K [[x1]] that are analytically independent over k[[x1]]. By replacing the fi’s with x1fi’s if necessary, we may assume that
f2, . . . , fn ∈ x1K [[x1]]. Consider the K [[x1]]-algebra homomorphism ϕ : K [[Xn]] → K [[x1]] given by xi 7→ fi for i ≥ 2.
Then K [[Xn]]/Kerϕ ∼= K [[x1]] and hence Kerϕ is a prime ideal of K [[Xn]]. Moreover, since K [[Xn]] is an n-dimensional
Cohen–Macaulay ring with uniquemaximal ideal (Xn), ht(Kerϕ) = n−1. Now consider the restrictionmap ϕ|k[[Xn]] of ϕ
to k[[Xn]]. Since the image ϕ(k[[Xn]]) = k[[x1, f2, . . . , fn]] is isomorphic to k[[x1]][[x2, . . . , xn]], we have Ker(ϕ|k[[Xn]]) = (0),
i.e., Kerϕ ∩ k[[Xn]] = (0). Therefore, the generic fibre of the extension k[[Xn]] ↪→ K [[Xn]] has dimension≥ (n− 1). In fact
the dimension equals n−1 because K [[Xn]] is an n-dimensional local ring whosemaximal ideal contracts to themaximal
ideal in k[[Xn]]. 
Lemma 2.3. Let R be an m-dimensional SFT pseudo-valuation domain. Then mn+ 1 ≤ dim R[[Xn]] ≤ mn+ n.
Proof. Let V be the associated valuation domain and letM be the maximal ideal of R. Since Spec(R) = Spec(V ) and P 6= P2
for each nonzero prime ideal P of R [3, Proposition 2.1(iii)], V is an m-dimensional SFT-ring. Note that (R[[Xn]] : V [[Xn]]) =
M[[Xn]]. Let S be the set of prime ideals of V [[Xn]] containingM[[Xn]]. Then, by [11, Théorème 1],
htV [[Xn]]M[[Xn]] + dim(R[[Xn]]/M[[Xn]]) ≤ dim R[[Xn]] and
dim R[[Xn]] ≤ sup
Q∈S
{dim V [[Xn]], htV [[Xn]]Q + dim(R[[Xn]]/(Q ∩ R[[Xn]]))}.
By [3, Theorem3.6], htV [[Xn]]M[[Xn]]+dim(R[[Xn]]/M[[Xn]]) = (m−1)n+1+dim((R/M)[[Xn]]) = (m−1)n+1+n = mn+1.
Let Q ∈ S. If Q = M+ (Xn), then htV [[Xn]]Q +dim(R[[Xn]]/(Q ∩R[[Xn]])) = dim V [[Xn]]+0 = mn+1, and if Q ( M+ (Xn),
then htV [[Xn]]Q + dim(R[[Xn]]/(Q ∩ R[[Xn]])) ≤ dim V [[Xn]] − 1+ dim(R[[Xn]]/M[[Xn]]) = mn+ n.
Thus we havemn+ 1 ≤ dim R[[Xn]] ≤ mn+ n. 
Theorem 2.4. Let R be an m-dimensional SFT pseudo-valuation domain with residue field k, let V be the associated valuation
domain with residue field K , and let k0 be the maximal separable extension of k in K . Then
dim R[[Xn]] =
{
mn+ 1 if K has finite exponent over k0 and [k0 : k] <∞
mn+ n otherwise.
Proof. LetM be the maximal ideal of R (and V ). Consider the following pullback diagram of canonical homomorphisms:
R[[Xn]] −→ R[[Xn]]/M[[Xn]] ∼= k[[Xn]]y y
V [[Xn]] pi−→ V [[Xn]]/M[[Xn]] ∼= K [[Xn]].
If K has finite exponent over k0 and [k0 : k] <∞, then, by Lemma 2.1, K [[Xn]] is integral over k[[Xn]]. It follows that V [[Xn]]
is integral over R[[Xn]] and hence that dim R[[Xn]] = dim V [[Xn]] = mn+ 1.
Assume that K has infinite exponent over k0 or that [k0 : k] = ∞.
Since (R[[Xn]] : V [[Xn]]) = M[[Xn]], there is an order-preserving 1–1 correspondence between the set of prime ideals of
V [[Xn]] not containingM[[Xn]] and the set of prime ideals of R[[Xn]] not containingM[[Xn]]. Consequently, for the prime ideal
P of R with ht(M/P) = 1, htR[[Xn]]P[[Xn]] = htV [[Xn]]P[[Xn]] = (ht P)n = (m − 1)n by [12, Theorem 13 and Remark 14].
Since dim(R[[Xn]]/M[[Xn]]) = n and dim R[[Xn]] ≤ mn + n (Lemma 2.3), it suffices to show that ht(M[[Xn]]/P[[Xn]]) = n in
R[[Xn]]/P[[Xn]].
Note that R/P is a one-dimensional SFT PVDwith residue field k and V/P is the associated valuation domain with residue
field K . Thus we may assume thatm = 1. In this case, V is a 1-dimensional discrete valuation domain.
As in the proof of Theorem 2.2(2), choose elements f2, . . . , fn ∈ x1K [[x1]] that are analytically independent over k[[x1]].
Then the ideal (x2−f2, . . . , xn−fn) of K [[Xn]] contracts to (0) in k[[Xn]]. Since (x2−f2, . . . , xn−fn, x1) is themaximal ideal (Xn)
of the n-dimensional regular local ring K [[Xn]], {x2 − f2, . . . , xn − fn, x1} is a regular system of parameters. By [13, Theorems
14.2 and 14.3], (x2 − f2, . . . , xn − fn) is a prime ideal of K [[Xn]] of height n − 1. (In fact, it is the ideal Kerϕ in the proof of
Theorem 2.2(2).)
For each i = 2, . . . , n, let gi ∈ x1V [[x1]] be such that pi(gi) = fi. Then M[[Xn]] + (x2 − g2, . . . , xn − gn) =
pi−1((x2 − f2, . . . , xn − fn)) is a prime ideal of V [[Xn]] whose contraction in R[[Xn]] is equal to M[[Xn]]. This implies that
(x2 − g2, . . . , xn − gn) ⊆ M[[Xn]].
Choose c ∈ M \ M2, then M = cV . Since the ideal (x2 − g2, . . . , xn − gn, x1, c) is the maximal ideal M[[Xn]] + (Xn) of
V [[Xn]] and V [[Xn]] is an (n+1)-dimensional regular local ring, {x2−g2, . . . , xn−gn, x1, c} is a regular system of parameters.
Again by [13, Theorems 14.2 and 14.3], (x2 − g2, . . . , xi − gi) is a prime ideal of V [[Xn]] of height i− 1 for each i = 2, . . . , n.
Let Qi = (x2 − g2, . . . , xi − gi) ∩ R[[Xn]]. Since (x2 − g2, . . . , xn − gn) 6⊇ cV [[Xn]] = M[[Xn]], we have a strictly increasing
chain of prime ideals of R[[Xn]]:
(0) ⊂ Q2 ⊂ Q3 ⊂ · · · ⊂ Qn ⊂ M[[Xn]].
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Therefore, htR[[Xn]]M[[Xn]] ≥ n. But, since dim(R[[Xn]]/M[[Xn]]) = n and dim R[[Xn]] ≤ (dim R)n+ n = 2n (Lemma 2.3), we
must have that htR[[Xn]]M[[Xn]] = n. 
Lemma 2.5. Let R be an m-dimensional SFT globalized pseudo-valuation domain. Then mn+ 1 ≤ dim R[[Xn]] ≤ mn+ n.
Proof. Let T be the associated Prüfer domain and let I = (R : T ). Then, I is a radical ideal common to R and T , R/I ⊆ T/I
is a unibranched extension, and dim(R/I) = dim(T/I) = 0 [14, Lemma 1]. Since R is an SFT-ring, I has only finitely many
minimal prime divisors by [3, Proposition 2.1(ii)]. Thus we can write I = M1 ∩ · · · ∩ Mr = N1 ∩ · · · ∩ Nr , whereMi and Ni
are maximal ideals of R and T , respectively, and Ni ∩ R = Mi for each i = 1, . . . , r .
Note that (R[[Xn]] : T [[Xn]]) = I[[Xn]]. Let S1 be the set of prime ideals of T [[Xn]] containing I[[Xn]] and let S2 be the set
of prime ideals of T [[Xn]]minimal over I[[Xn]]. Since T is an SFT-ring [7, Proposition 1.7], S2 = {N1[[Xn]], . . . ,Nr [[Xn]]} by [3,
Proposition 2.1(v)]. Recall [11, Théorème 1]:
sup
Q∈S2
{htT [[Xn]]Q + dim (R[[Xn]]/(Q ∩ R[[Xn]]))} ≤ dim R[[Xn]] and
dim R[[Xn]] ≤ sup
Q∈S1
{dim T [[Xn]], htT [[Xn]]Q + dim (R[[Xn]]/(Q ∩ R[[Xn]]))}.
LetN be amaximal ideal of T with htN = m and letM = N∩R. If I 6⊆ N , then dim R[[Xn]] ≥ ht(M+(Xn)) = ht(N+(Xn)) =
mn + 1 by [3, Theorem 3.6]. Assume that I ⊆ N , i.e., N = Nj for some j. Then htT [[Xn]]N[[Xn]] = (m − 1)n + 1 again by [3,
Theorem 3.6]. So, supQ∈S2{htT [[Xn]]Q + dim(R[[Xn]]/(Q ∩ R[[Xn]]))} = sup1≤i≤r{htT [[Xn]]Ni[[Xn]] + dim(R[[Xn]]/Mi[[Xn]])} =
sup1≤i≤r{htT [[Xn]]Ni[[Xn]]} + n = htT [[Xn]]Nj[[Xn]] + n = (m− 1)n+ 1+ n = mn+ 1.
Thus we have dim R[[Xn]] ≥ mn+ 1.
LetQ ∈ S1. IfQ ∈ Max(T [[Xn]]), i.e.,Q = Nj+(Xn) for some j, thenhtT [[Xn]]Q+dim(R[[Xn]]/(Q∩R[[Xn]])) ≤ dim T [[Xn]]+0 =
mn+ 1 [3, Theorem 3.6]. If Q 6∈ Max(T [[Xn]]), then htT [[Xn]]Q + dim(R[[Xn]]/(Q ∩ R[[Xn]])) ≤ dim T [[Xn]] − 1+ dim((R/(Q ∩
R))[[Xn]]) = mn+ 1− 1+ n = mn+ n.
Thus we have dim R[[Xn]] ≤ mn+ n. 
Proposition 2.6. Let R be a one-dimensional SFT globalized pseudo-valuation domain with associated Prüfer domain T and let
I = (R : T ). For a maximal ideal M of R, let N be the maximal ideal of T such that N ∩ R = M, set k := R/M and K := T/N,
and let k0 denote the maximal separable extension of k in K . Then the height of the maximal ideal M + (Xn) in R[[Xn]] is given by
ht(M + (Xn)) =
{
n+ 1 if I 6⊆ M, or if I ⊆ M, K has finite exponent over k0, and [k0 : k] <∞
2n otherwise.
Proof. We have n+ 1 ≤ ht(M + (Xn)) ≤ dim R[[Xn]] ≤ 2n.
Case 1. I 6⊆ M .
Then (R[[Xn]] : T [[Xn]]) = I[[Xn]] 6⊆ M + (Xn), and hence ht(M + (Xn)) = ht(N + (Xn)) = dim T [[Xn]] = n + 1 ([7,
Proposition 1.7] and [3, Theorem 3.6]).
Case 2. I ⊆ M , K has finite exponent over k0, and [k0 : k] <∞.
Let (0) ⊂ Q1 ⊂ · · · ⊂ Qs = M + (Xn) be a saturated chain of prime ideals of R[[Xn]]. Let r be the smallest integer such
that Qr ∩R = M . Then Qr ⊇ M[[Xn]] and Qr is minimal over Qr−1+ I[[Xn]]. By [11, Proposition 4], there exists a chain of prime
ideals (0) ⊂ Q ′1 ⊂ · · · ⊂ Q ′r of T [[Xn]] such that Q ′i ∩ R[[Xn]] = Qi. Note that Q ′r ⊇ N[[Xn]].
By Lemma2.1, K [[Xn]] is integral over k[[Xn]] and hence ht(Qr/M[[Xn]]) = ht(Q ′r/N[[Xn]]). Since k[[Xn]] is a Cohen–Macaulay
ring, n = ht((M+(Xn))/M[[Xn]]) = ht(Qs/M[[Xn]]) = s−r+ ht(Qr/M[[Xn]]). Meanwhile, since T is a 1-dimensional SFT Prüer
domain, it is aDedekinddomain andhence T [[Xn]] is a Cohen–Macaulay ring, so that r ≤ htQ ′r = ht(Q ′r/N[[Xn]])+htN[[Xn]] =
ht(Qr/M[[Xn]])+ 1. Thus we have s = n+ r − ht(Qr/M[[Xn]]) ≤ n+ 1.
Therefore, it follows that ht(M + (Xn)) ≤ n+ 1, and hence that ht(M + (Xn)) = n+ 1.
Case 3. I ⊆ M , but K does not have finite exponent over k0 or [k0 : k] = ∞.
As in the proof of Theorem 2.2(2), choose elements f2, . . . , fn ∈ x1K [[x1]] that are analytically independent over k[[x1]].
Consider the canonical epimorphism pi : T [[Xn]] → T [[Xn]]/N[[Xn]] ∼= K [[Xn]]. For each i = 2, . . . , n, let gi ∈ x1T [[x1]] be such
that pi(gi) = fi. Then (x2− g2, . . . , xn− gn, x1) = (Xn) is a prime ideal of T [[Xn]] of height n that is contained in the Jacobson
radical ideal of T [[Xn]]. Since T [[Xn]] is a Cohen–Macaulay ring, the elements x2 − g2, . . . , xn − gn, x1 constitute a T [[Xn]]-
sequence [15, Theorem 129]. Therefore, for each i with 2 ≤ i ≤ n, the ideal (x2 − g2, . . . , xi − gi) has rank i − 1 and every
prime ideal minimal over it has height i− 1. In particular, every prime ideal minimal over the ideal (x2 − g2, . . . , xn − gn)
has height n− 1.
Since (x2− f2, . . . , xn− fn)∩k[[Xn]] = (0), (x2−g2, . . . , xn−gn)∩R[[Xn]] ⊆ M[[Xn]]. Also, since (x2−g2, . . . , xn−gn)∩T =
(0), we have (x2 − g2, . . . , xn − gn)∩ R[[Xn]] ( M[[Xn]]. Therefore, there exists a prime ideal Qn−1 of T [[Xn]] such that Qn−1 is
minimal over (x2− g2, . . . , xn− gn) and Qn−1 ∩ R[[Xn]] ( M[[Xn]]. Since I[[Xn]] 6⊆ Qn−1, ht(Qn−1 ∩ R[[Xn]]) = htQn−1 = n− 1.
Therefore, it follows that htM[[Xn]] ≥ n and ht(M + (Xn)) ≥ n+ n = 2n, and hence that ht(M + (Xn)) = 2n.
Thus the two possibilities for the height ofM+ (Xn) occur as described in the statement of the proposition and the proof
is complete. 
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Theorem 2.7. Let R be an m-dimensional SFT globalized pseudo-valuation domain with associated Prüfer domain T and let
I = (R : T ). For each maximal ideal M of R, let NM be the maximal ideal of T such that NM ∩ R = M, set kM := R/M and
KM := T/NM , and let k0,M denote the maximal separable extension of kM in KM . Then
dim R[[Xn]] =
{mn+ 1 if for each maximal ideal M of R with htM = m
and M ⊇ I , KM has finite exponent over k0,M and [k0,M : kM ] <∞
mn+ n otherwise.
Proof. Since Max(R[[Xn]]) = {M + (Xn) | M ∈ Max(R)}, dim R[[Xn]] = sup{ht(M + (Xn)) | M ∈ Max R}. Therefore, we
compute ht(M + (Xn)) for each maximal ideal M of R. For convenience, we drop the subscript M and use N, k, K , k0 when
working with each maximal idealM .
Case 1. I 6⊆ M .
Then I[[Xn]] 6⊆ M + (Xn), and hence ht(M + (Xn)) = ht(N + (Xn)) ≤ dim T [[Xn]] = mn+ 1.
Case 2. I ⊆ M and htM < m.
Consider a chain of prime ideals (0) ⊂ Q1 ⊂ · · · ⊂ Qs = M+(Xn). Let r be the smallest integer such thatQr∩R = M . Then,
since Qr−1 6⊇ I[[Xn]], there exists a unique prime ideal Q ′r−1 of T [[Xn]] such that Q ′r−1∩R[[Xn]] = Qr−1. Let P ′ = Q ′r−1∩T . Then,
by [12, Theorem 13 and Corollary 15], r − 1 ≤ htQr−1 = htQ ′r−1 = (ht P ′)n+ ht(Q ′r−1/P ′[[Xn]]) ≤ (m− 2)n+ n = mn− n.
Since Qr ⊇ M[[Xn]], s− r ≤ ht((M + (Xn))/M[[Xn]]) ≤ dim(R[[Xn]]/M[[Xn]]) = n. Therefore, s ≤ n+ r ≤ n+mn− n+ 1 =
mn+ 1, and hence ht(M + (Xn)) ≤ mn+ 1.
Case 3. I ⊆ M , htM = m, K has finite exponent over k0, and [k0 : k] <∞.
We will use induction onm to show that ht(M + (Xn)) ≤ mn+ 1. (In fact, the equality holds.)
If m = 1, then ht(M + (Xn)) = n + 1 by Proposition 2.6. Assume that m > 1. Consider a chain of prime ideals
(0) ⊂ Q1 ⊂ · · · ⊂ Qs = M + (Xn). Let r be the smallest integer such that Qr ∩ R 6= (0). Then r − 1 ≤ htQr−1 ≤
dim(R[[Xn ]]R\(0)) = dim(T [[Xn ]]T\(0)) = n, i.e., r ≤ n+ 1.
Let Qr ∩ R = P and let P ′ be the prime ideal of T such that P ′ ∩ R = P . Then Qr ⊇ P[[Xn]].
Case 3-1. ht P > 1.
If P = M , then s− r ≤ ht((M + (Xn))/Qr) ≤ ht((M + (Xn))/P[[Xn]]) = ht((M + (Xn))/M[[Xn]]) ≤ dim((R/M)[[Xn]]) = n.
Thus, in this case, s ≤ n+ r ≤ n+ n+ 1 = 2n+ 1 ≤ mn+ 1.
If P ( M , then R/P is an SFT GPVD with associated Prüfer domain T/P ′, (R/P : T/P ′) ⊆ M/P , and dim(R/P) =
ht(M/P) ≤ m − 2 (see the proof of [7, Proposition 2.6]). So, by the induction hypothesis, s − r ≤ ht((M + (Xn))/Qr) ≤
ht((M+(Xn))/P[[Xn]]) ≤ (m−2)n+1. Thuswe have s ≤ (m−2)n+1+r ≤ (m−2)n+1+n+1 = (m−1)n+2 ≤ mn+1.
Case 3-2. ht P = 1.
If Qr ) P[[Xn]], then s− r ≤ ht((M + (Xn))/Qr) ≤ ht((M + (Xn))/P[[Xn]])− 1. Since R/P is an SFT GPVD with associated
Prüfer domain T/P ′, (R/P : T/P ′) ⊆ M/P , and dim(R/P) = ht(M/P) = m−1,we have ht((M+(Xn))/P[[Xn]]) ≤ (m−1)n+1
by the induction hypothesis. So, s ≤ (m− 1)n+ r ≤ (m− 1)n+ n+ 1 = mn+ 1.
Assume that Qr = P[[Xn]]. Since P ( M , we have I[[Xn]] 6⊆ P[[Xn]], and hence r ≤ htQr = ht P[[Xn]] = ht P ′[[Xn]] = n.
Again by the induction hypothesis, s − r ≤ ht((M + (Xn))/P[[Xn]]) ≤ (m − 1)n + 1, so we get s ≤ (m − 1)n + 1 + r ≤
(m− 1)n+ 1+ n = mn+ 1.
Thus, in either case, we have s ≤ mn+ 1, and hence ht(M + (Xn)) ≤ mn+ 1.
Case 4. I ⊆ M , htM = m, but K has infinite exponent over k0 or [k0 : k] = ∞.
We will use induction onm to show that ht(M + (Xn)) ≥ mn+ n. (In fact, the equality holds.)
Ifm = 1, then ht(M + (Xn)) = 2n = mn+ n by Proposition 2.6. Assume thatm > 1. Let P be a prime ideal of R such that
ht(M/P) = 1 and let P ′ be the prime ideal of T such that P ′∩R = P . Then ht P[[Xn]] = ht P ′[[Xn]] = (ht P ′)n = (m−1)n by [12,
Theorem 13 and Remark 14]. Since R/P is a 1-dimensional SFT GPVDwith associated Prüfer domain T/P ′ and (R/P : T/P ′) ⊆
M/P , ht((M+(Xn))/P[[Xn]]) = 2n. Therefore, ht(M+(Xn)) ≥ ht P[[Xn]]+ht((M+(Xn))/P[[Xn]]) = (m−1)n+2n = mn+n.
In conclusion, if there does not exist amaximal idealM of R satisfying the conditions in Case 4, then dim R[[Xn]] ≤ mn+1.
In fact, we have dim R[[Xn]] = mn+ 1 by Lemma 2.5. If there exists a maximal idealM of R satisfying the conditions in Case
4, then dim R[[Xn]] ≥ mn+ n. Again by Lemma 2.5, we have dim R[[Xn]] = mn+ n. 
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